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ǒ Understand the dynamics near the third order 
resonance to excite the particles the most efficient 
way possible

ǒ Application to resonant extraction

Beam Transfer Function measurement 

ǒ Observe beam reaction to different excitation 
frequencies and deduce the dynamics

ǒ Established theoretical framework
ǒ Experimentally available
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Hamiltonian dynamics Equipotential lines in normalized phase-space
in a linear machineǒ Machine with no multipole components

ǒ Linear Hamiltonian

ǒ One-turn phase-advance
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Kobayashi Hamiltonian Equipotential lines in normalized phase-space 
described by the Kobayashi Hamiltonianǒ Tune near a third integer resonance

ǒ Resonance driven by a sextupole component S
ǒ The dynamics can be effectively described by [1]

Linear theory Non-linear term
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Kobayashi Hamiltonian

ǒ Tune near a third integer resonance

ǒ The dynamics can be effectively described 
by [1]

[2] D.D. Caussyn, et. al., Experimental studies of 
nonlinear beam dynamics. Phys. Rev. A (1992).

Measurement of the phase-space near the third 
integer resonance at the IUCF cooler ring (1992) [2].

Linear theory Non-linear term
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Non-linear detuning Equipotential lines in normalized phase-space 
described by the Kobayashi Hamiltonian

ǒ From normalized coordinates to action-angle variables

ǒ Particle’s tune (One-turn phase-advance)
Linear theory 
contribution

Non-linear 
detuning
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Non-linear detuning

ǒ From normalized coordinates to angle-action variables

ǒ Particle’s one-turn phase-advance
Linear theory 
contribution

Non-linear 
detuning

Measurement of the phase-space near the third 
integer resonance at the IUCF cooler ring (1992) [2].

[2] D.D. Caussyn, et. al., Experimental studies of 
nonlinear beam dynamics. Phys. Rev. A (1992).

[2]
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Non-linear detuning
ǒ Kobayashi Hamiltonian in action-angle variables

ǒ Particle’s one-turn phase-advance
Linear theory 
contribution

Non-linear 
detuning

ǒ Near the resonance there is a 
phase-amplitude modulation

ǒ The average detuning over many turns 
gives a non-vanishing contribution

ǒ The average detuning deviates in the 
direction of the nearest resonance 
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Beam Transfer Function measurement

1. Excite the beam with a single frequency 
(sinusoidal) signal 

- Generates a beam centroid oscillation with an 
amplitude of < 500 microns 

- Beam pipe radius is 8 cm

2. Observe centroid response signal
3. Extract the frequency component of the 

excitation signal
4. Go to next frequency and start from Step 1.
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Beam Transfer Function measurement

1. Excite the beam with a single frequency 
(sinusoidal) signal

2. Observe centroid response signal
3. Extract the frequency component of the 

excitation signal
4. Go to next frequency and start from Step 1.

ǒ Investigation of coasting beams
ǒ Low intensity (10⁸ - 10⁹ particles)
ǒ Momentum spread ~ 10⁻³
ǒ Measurement campaigns at Heidelberg with Carbon-ions 
ǒ Measurement campaigns at GSI with Argon- and 

Uranium-ions
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