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Abstract
Accurate measurement and control of the beam envelope

are crucial issues, particularly in high-power accelerator fa-
cilities. However, the use of destructive monitors is limited to
low-intensity beams. Furthermore, in the case of beam trans-
port between superconducting cavities, these destructive
monitors should be avoided to prevent the generation of dust
particles and outgassing. In the Superconducting RIKEN
LINAC, or SRILAC, we utilize eight non-destructive Beam
Energy Position Monitors (BEPMs)to measure beam posi-
tions and energies. Currently we are developing a method
to estimate the beam envelope by combining the quadrupole
moments from BEPMs, which consist of four cosine-shape
electrodes, with transfer matricesWhile this method has been
applied to electron and proton beams, it has not been practi-
cally demonstrated for heavy ion beams in 𝛽 ≃ 0.1 regions.
By combining BEPM simulations, we are making progress
toward the reproduction of experimental results, overcoming
specific issues associated with low 𝛽. This development will
present the possibility of a new method for beam envelope
measurement in LEBT and MEBT, especially for hadron
beam facilities.

INTRODUCTION: SRILAC AND BEPMS
The Superconducting RIKEN LINAC, or SRILAC [1],

started operation in 2020, and it has been providing a stable
supply of heavy ion beam with intensity of a few pµA and
beam energy of about 6 MeV/u [1, 2]. In the future, the
intensity is planned to increase up to 10 pµA. SRILAC will
be also used for medical isotope production as well as an
injector for the RI beam factory, where higher beam inten-
sities are required. Precise measurement and control of the
beam dynamics are essential to achieve stable operation in
high-intensity conditions. However, to suppress dust pro-
duction and outgassing there are no destructive monitors
between Superconducting RF (SRF) cavities. The only op-
tion to optimize the beam envelope inside the cavities was to
minimize the vacuum levels between cavities. To estimate
the beam dynamics in these sections, we performed Q-scan
measurement downstream, changing the magnetic field of
quadrupole magnets several times and measuring the beam
profile for each magnetic field to reconstruct the phase el-
lipse [3]. Based on the obtained phase ellipse downstream
of SRF cavities, we can estimate the beam envelope with
transfer matrices [4] from the cavity sections to downstream
sections. A disadvantage of the Q-scan method is that we
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cannot perform the measurement frequently during beam
supply to the users because it takes at least 30 minutes and
we need to temporary change the magnetic fields. Another
restriction of the method is to decrease the beam intensity
down to ≃ 100 enA to avoid melting the wire and generating
dust. Therefore, we started to develop an improved beam en-
velope measurement method using non-destructive monitors
Beam Energy Position Monitors (BEPMs) [5].

Figure 1 shows the layout of SRILAC and beamline with
eight BEPMs in between SRF cavities. There are two types
of BEPMs: type-A (numbers 1 to 6) with a longitudinal
length of 50 mm and type-B (numbers 7 and 8) with a lon-
gitudinal length of 60 mm. These detectors were originally
introduced to measure beam position and energy and have
contributed significantly to the stable beam operation of
SRILAC. The beam energy is calculated by measuring the
time of flight from the time difference between signals in
pairs of each section. Figure 2 shows the CAD model of
type-A BEPMs on CST simulation. These BEPMs have
cosine-like shape electrodes. This shape realizes the ideal
response of the quadrupole moment while maintaining good
linear position sensitivity [5, 6].

PRINCIPLE TO MEASURE BEAM
ENVELOPES USING BPMS

Methods for estimating beam emittance from BPM have
been studied in past decades [4,7–10]. In order to understand
the principle of the method, we initiate the expansion of
the induced voltage of electrodes 𝑉𝐿,𝑅,𝑈,𝐷 using transverse
beam multipole moments such as the dipole (𝐷𝑥,𝑦 / ⟨𝑥⟩, ⟨𝑦⟩),
quadrupole (𝑀2 / ⟨𝑥2⟩ − ⟨𝑦2⟩ ), and higher order moment
(𝑀𝑖𝑥,𝑦 , 𝑖 = 3, 4, · · · ) [9, 10] as

𝑉𝑅 =𝐼beam (𝑐0 + 𝑐1𝐷𝑥 + 𝑐2𝑀2 + 𝑐3𝑀3,𝑥 + · · · )
𝑉𝐿 =𝐼beam (𝑐0 − 𝑐1𝐷𝑥 + 𝑐2𝑀2 − 𝑐3𝑀3,𝑥 + · · · )
𝑉𝑈 =𝐼beam (𝑐0 + 𝑐1𝐷𝑦 − 𝑐2𝑀2 + 𝑐3𝑀3,𝑦 + · · · )
𝑉𝐷 =𝐼beam (𝑐0 − 𝑐1𝐷𝑦 − 𝑐2𝑀2 − 𝑐3𝑀3,𝑦 + · · · ), (1)

where 𝐼beam denotes beam intensity and 𝑐𝑖 denotes coeffi-
cient of each multipole term. By neglecting the higher order
terms from this equation, 𝐷𝑥,𝑦 and 𝑀2 can be obtained as
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Figure 1: Schematic of beamline including SRILAC. Green numbers denote Beam Energy Position monitors, and PFe00
denotes a wire scanner.

follows,

𝐷𝑥 =⟨𝑥⟩

= 𝑘𝑥
𝑉𝑅 −𝑉𝐿

𝑉𝐿 +𝑉𝑅 +𝑉𝑈 +𝑉𝐷

, (2)

𝐷𝑦 =⟨𝑦⟩

= 𝑘𝑦
𝑉𝑈 −𝑉𝐷

𝑉𝐿 +𝑉𝑅 +𝑉𝑈 +𝑉𝐷

, (3)

𝑀2 =⟨𝑥2⟩ − ⟨𝑦2⟩

= 𝑘𝑞
𝑉𝑅 +𝑉𝐿 −𝑉𝑈 −𝑉𝐷

𝑉𝐿 +𝑉𝑅 +𝑉𝑈 +𝑉𝐷

. (4)

where 𝑘𝑥 , 𝑘𝑦 and 𝑘𝑞 correspond to 𝑐1/2𝑐0 and 𝑐2/𝑐0 in
Eq. (1), respectively. For the following analysis, we define
𝑄 ≡ 𝑀2 − 𝐷2

𝑥 + 𝐷2
𝑦 = 𝜎2

𝑥 − 𝜎2
𝑦 . These values are derived

from the BPM signals as Eqs. (2-4). These values are also
obtained from the 𝜎 matrix of the beam at a point and the
transfer matrix from that point to the BPM locations. In our
beamline, 𝑄 values obtained from eight BPMs and 𝜎 matrix
upstream of SRILAC can be connected via a matrix as
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In these equations, 𝜎(0) indicates the elements of the 𝜎

matrix of the beam at the upstream position denoted as 0,
and 𝑀0𝑛

𝑖 𝑗
is the (𝑖, 𝑗)-th element of the transfer matrix from

position 0 to the position of the 𝑛-th BEPM. The transfer
matrices are calculated by using the beam dynamics simula-
tion software TraceWin. The simulation with TraceWin has

been able to reproduce the beam energy response to changes
in phase and voltage of each cavity at a level of 0.2% and
also is expected to reproduce the realistic beam dynamics,
including transfer matrices. Note that the beam envelope
analysis utilizes first-order transfer matrices and does not
account for nonlinear effects such as space-charge effects. It
is expected that the space-charge effect is sufficiently small
under our beam conditions.

BIAS ON MEASUREMENT OF
QUADRUPOLE MOMENT

Using this method, we first compared the quadrupole mo-
ments variation during Q-scan measurements, as mentioned
in Ref. [3]. While data showed clear positive correlations,
there was also an offset between the measured values of the
𝑄 moments and those estimated with Q-scan. For investi-
gation of the underlying cause, detailed simulations were
conducted using CST Studio. Figure 3 shows the comparison
of waveform signals from BEPM 7 (circles) and CST calcu-
lations (lines). For the simulations, the scaling factor and
timing offset are tuned to reproduce the upstream signals.
In these simulations, the particle beam has no transverse
emittances, i.e., 𝜎𝑥 = 𝜎𝑦 = 0. Despite the conditions, the
peak of the signal from the downstream electrode is smaller

Upstream Electrodes

Downstream Electrodes

3D model  
of BEPM typeA

Figure 2: CAD model of type-A BEPM. The beam comes
from the upper right corner towards the foreground. Up and
down (right and left) electrodes are represented as upstream
(downstream).
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Figure 3: Waveform of the signals from BEPM electrodes.
Black and red points correspond to upstream and down-
stream data, respectively. The lines represent the CST simu-
lation result with the corresponding data color.

than that from the upstream electrode. A similar tendency
is shown in the measured data.

The result indicates this “bias” effect should be solved
in the quadrupole moment calculation based on Eq. (5) to
estimate phase ellipses accurately. This effect can be qualita-
tively understood as follows. When considering a cylindrical
BEPM, if an electrode coverage angle 𝜙, the signal voltage
V of that electrode is represented as a function of time t as

𝑉 (𝜙, 𝑡) = Re

[
Σ∞
𝑛=0

𝑗𝑛𝜔0𝑅

1 + 𝑗𝑛𝜔0𝑅𝐶

𝜙𝐿𝐼0
𝜋𝛽𝑐

exp

(
𝑛2𝜔2

0𝜎
2
𝑡

2
+ 𝑗𝑛𝜔0𝑡

)]
.

(8)
𝑅 and 𝐶 represent the resistance and the capacitance of

the equivalent circuit of electrodes, and 𝐿 is the longitudi-
nal length of the electrodes. 𝛽, 𝜔0, and 𝜎𝑡 denote velocity,
angular velocity, and time widths of the beam, respectively.
To account for the shape of the electrode, the electrode is
divided longitudinally by 𝛿𝑙 and l-dependence of 𝜙 is incor-
porated as follows,

𝑉 (𝑡) = 1
𝐿

∫ 𝐿/2

−𝐿/2

{
𝜙(𝑙)
𝜙

𝑉 (𝑡 − 1/𝛽𝑐)
}
𝑑𝑙. (9)

In the equation, 𝜙 means an averaged coverage angle of the
electrode. For cosine shape BEPMs, upstream and down-
stream electrodes have coverages of 𝜙(𝑙) = arccos(2𝑙/𝐿)
and arccos(−2𝑙/𝐿), respectively.

In the case of the upstream electrode, a large signal is
generated corresponding to a large 𝜙, followed by gradu-
ally overlapping signals corresponding to smaller 𝜙 with
a time delay. The peak maximum is mainly determined
by the signal from the upstream portion of the electrode
where 𝜙 is large. On the other hand, for the downstream
electrode, a relatively small signal is generated correspond-
ing to small 𝜙, followed by gradually overlapping signals
corresponding to larger 𝜙 with a time delay. In the latter
case, although the peak maximum is generated by the larger
𝜙 portion of the downstream electrode, the undershoot of
the signal from the upstream portion overlaps, resulting in a
relatively smaller peak than that of the upstream electrode.

The effect is expected to be significant when beam bunch
length 𝜎𝑧 is comparable to or smaller compared with the
longitudinal length of the electrode. In consideration of the
realistic beam bunch length in time dimension, this effect be-
comes significant especially for low 𝛽 particles. According
to the CST simulation with beam bunch length 𝜎𝑡 = 0.5 ns,
the deviation of the signal strength is tiny, 0.2%, for 𝛽 = 0.99,
which corresponds to the case for electron beamlines. In our
case, the deviation becomes non-negligible, 5%, for 𝛽 = 0.1.

APPLICATION FOR PHASE ELLIPSE
MEASUREMENT

One possible solution is to evaluate and correct this bias
effect. Application of this method is shown in Ref. [11] and
has been succeeded in one-day data. However, this method
requires to estimate the correction factor from experimental
data beforehand. This might cause the systematic errors
depending on the data with certain beam condition used for
the factor estimation.

After detailed investigation, we found an alternative solu-
tion which utilizes double-integrated signals. As explained
above, the origin of the bias effect lies in the time difference
of signals coming from different positions of the electrodes.
Integrating the signals can cancel out this effect. In fact, anal-
ysis based on CST simulations showed that the bias effect
was already reduced to 1% or less with integrated signals,
and eliminated for any beam bunch with double-integrated
signals [12]. Consequently, we decided to adopt double
integration method to experimental data. Figure 4 shows
the raw, integrated, and double integrated waveform signals.
For integration, the background slope caused by the offset
of raw waveform signals is subtracted from the integrated
waveform signals. This slope is determined to satisfy cyclic
boundary conditions and ensure that the integrated signal is
zero in regions (8±2 ns before the peak / shown in the figure
with lines) without signals from beam. Because the obtained
signals are followed by the reflected signals, we adopt the
maximum of the double-integrated signals to calculate 𝑄.
Left bottom panel of Fig. 4 shows the measured 𝑄s based on
raw, integrated, and double integrated waveform signals for

Table 1: Phase Ellipse Fitting Result

Method 𝜖ℎ 𝜖𝑣 𝛼ℎ 𝛽ℎ 𝛼𝑣 𝛽𝑣 𝜒2/𝑛.𝑑. 𝑓 .

Q-scan 7.2 7.5 -0.29 0.36 -1.45 0.34 –

BEPM 3.2 0 -4.0 1.9 – – 115.7/2(raw)
BEPM 3.2 7.1 -0.14 0.15 -0.74 0.28 3.6/2(bias correction)
BEPM 0.1 6.2 13.1 1.11 -0.92 0.24 8.7/2(double integral)

BEPM 𝜖ℎ,𝑣 fixed 7.2 7.5 -0.54 0.60 -1.27 0.33 14.6/4(double integral)
BEPM+PF 5.1 6.2 -0.25 0.39 -1.16 0.28 11.5/4(double integral)
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Figure 4: (Left Top) BEPM raw wave form signals from right, left, up, down electrodes. (Right Top) Integrated wave form
signals after slope corrections. See the detail about the corrections in the text. (Left Bottom) Double integrated wave form
signals. (Right Bottom) Measured 𝑄 values of eight BEPMs based on raw, integrated, and double integrated wave form
signals.

eight BEPMs. As shown, adopting integral / double-integral
signals change the values of 𝑄 dramatically.

With the double-integrated signals we solved the equa-
tion and estimated the 𝜎 matrix and the phase ellipses as
summarized in Table 1. As a result, the fitting chi-square sig-
nificantly improved, and the fitting results well reproduced
the measured 𝑄 values as shown in Fig. 5 with purple cir-
cles. However, the estimated emittances were quite small
and differed significantly from the results of the Q-scan, and
this was also the case with the bias correction method. In
contrast, when the emittance was fixed to match the results
of the Q-scan, the fitting results accurately reproduced the
obtained𝑄s. These results suggest inherently low sensitivity
of the quadrupole moment, 𝜎2

𝑥 − 𝜎2
𝑦 to the absolute beam

size.

To increase the sensitivity to the absolute beam size and
make this method more practical, we attempted to implement
two improvements. The first one involves imposing con-
straints on the emittance balance. As indicated in the table,
the analysis based on the original BEPM before the improve-
ment showed significant imbalance between the horizontal
and vertical emittances, which is not realistic. Therefore, we
decided to introduce a variable 𝜖𝑎𝑠𝑦𝑚 ≡ (𝜖ℎ−𝜖𝑣)/(𝜖ℎ+𝜖𝑣) to
represent this imbalance and impose constraints as |𝜖𝑎𝑠𝑦𝑚 | <
0.1. This constrains corresponds to the deviation of 𝜖 of hor-

izontal and vertical less than 20%. The second improvement
is to utilize the 𝜎𝑥 and 𝜎𝑦 measured by the wire scanner,
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Figure 5: (Left)Q values for each BEPM based on double-
integrated waveform signals. The fitting results obtained
from each method are overlaid. In the analysis, errors of 𝑄
values are fixed to be 2.5 mm2, which is roughly estimated
from the fluctuation of 𝑄 measurement by BEPMs. (Right)
Horizontal and vertical phase ellipses estimated by each
method.
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Estimated beam envelopes based on BEPM + PF analysis

Estimated beam envelopes based on Q-scan

horizontal

vertical

Figure 6: Estimated beam envelopes in horizontal and vertical plane through SRILAC. The envelope was calculated using
TraceWin, based on the phase ellipses obtained through the analysis of BEPM + PF (Top) and Q-scan data (Bottom).

so called profile monitor or PF, located at e00 in Fig. 1.
Additional information of absolute beam size is expected
to improve the sensitivity for absolute value of the beam
emittances.

The results of these improvements are summarized in the
last column in Table 1 and in Fig. 5. As shown in the left
panel of the figure,𝑄 values with and without profile monitor
(PF) data show a tiny difference. However, the estimated
twiss parameters and phase ellipses show large differences
between these analyses. Compared with the phase ellipses
estimated by Q-scan method, the fitting result with BEPM
and PF data, under restriction of the 𝜖𝑎𝑠𝑦𝑚, shows slightly
smaller emittances and similar twiss parameters.

We also calculated beam envelopes using TraceWin, as
depicted in Fig. 6. The beam envelope estimated through the
BEPM + PF analysis exhibited remarkably similar results to
those obtained from the Q-scan. These estimated envelopes
are valuable for deducing beam loss and monitoring changes
in beam conditions. While this method is no longer a truly
non-destructive beam monitor, it only requires one-shot pro-
files with the current optics settings, making it suitable for
use as a daily "semi" non-destructive beam envelope moni-
tor. In contrast, the conventional Q-scan method necessitates

changing optics settings multiple times, which is not feasible
during beam supply for users.

CONCLUSION AND FUTURE
PERSPECTIVES

For the transverse beam envelope estimation in super-
conducting RF cavities, we have developed an improved
approach utilizing BEPM signals. Despite the method’s
recognition over several decades, we discovered that bias
effects, which is emerge with short bunch lengths or low-
beta particles and the co-sin-shaped electrodes of BPM, are
crucial for estimating 𝜎2

𝑥 − 𝜎2
𝑦 of the beams. By utilizing

double-integrated signals, additional information from wire
scanners, and applying fitting restrictions, we are able to
successfully reproduce the phase ellipse observed in the Q-
scan method with wire scanners. To further validate the
accuracy and optimize of this approach, we plan to collect
additional data and integrate it into our daily operations, with
the goal of achieving more precise beam tuning. In parallel,
we plan to explore the possibility of estimating the beam
envelope without relying on information from devices such
as wire scanners, using, for example, appropriate lattice and
a sufficient number of BPMs.
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